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BERGMAN METRICS AND GEODESICS IN THE SPACE OF KA¨HLER
METRICS ON PRINCIPALLY POLARIZED ABELIAN VARIETIES
RENJIE FENG
Abstract. It’s well-known in Ka¨hler geometry that the infinite dimensional symmetric
space H of smooth Ka¨hler metrics in a fixed Ka¨hler class on a polarized Ka¨hler manifold
is well approximated by finite dimensional submanifolds Bk ⊂ H of Bergman metrics of
height k. Then it’s natural to ask whether geodesics in H can be approximated by Bergman
geodesics in Bk. For any polarized Ka¨hler manifold, the approximation is in the C0 topology.
While Song-Zelditch proved the C2 convergence for the torus-invariant metrics over toric
varieties. In this article, we show that some C∞ approximation exists as well as a complete
asymptotic expansion for principally polarized Abelian varieties. We also get a C∞ complete
asymptotic expansion for harmonic maps into Bk which generalizes the work of Rubinstein-
Zelditch on toric varieties.
1. Introduction
Let (M,ω) be an m-dimensional polarized Ka¨hler manifold. Then the space H of smooth
Ka¨hler metrics in a fixed Ka¨hler class will be an infinite dimensional Riemannian manifold
under the natural L2 metric. At the level of individual metrics ω ∈ H, there exists a well-
developed approximation theory [T, Z2]: Given ω, one can define a canonical sequence of
Bergman metrics ωk ∈ Bk which approximates ω in the C∞ topology. The approximation
theory is based on microlocal analysis in the complex domain, specifically Bergman kernel
asymptotics on and off the diagonal. Our principal aim is to study the approximation of
certain global aspects of the geometry, such as the approximation of the harmonic maps or
geodesics in H by the corresponding objects in Bk.
The geodesic equation for the Ka¨hler potentials φt of ωt is a complex homogeneous Monge-
Ampe`re equation [D, S]. Concerning the solution of this Dirichlet problem, we have the
following regularity theorem: φt ∈ C1,α([0, T ]×M) for all α < 1 if the endpoint metrics are
smooth [C]. It is therefore natural to study the approximation of Monge-Ampe`re geodesics
φt in H by the much simpler geodesics φk(t, z) in Bk, which are defined by one parameter
subgroups of GL(dk + 1). The problem of approximating geodesic segments in H between
two smooth endpoints by geodesic segments in Bk was raised by Arezzo-Tian, Donaldson
and Phong-Sturm [AT, D, PS]). Phong-Sturm proved that φk(t, z)→ φt in a weak C0 sense
on [0, 1]×M ; a C0 result with a remainder estimate was later proved by Berndtsson [B].
To understand the approximation of H-geodesics by Bk-geodesics better, e.g., the rate of
the approximation, we can test some special varieties and expect a better result. For example,
in the toric varieties case, when one restricts to torus-invariant metrics, the geodesic equation
becomes the real homogeneous Monge-Ampe`re equation and thus can be linearized by the
Legendre transform [S]. Thus the geodesic will be smooth if the endpoints are two smooth
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metrics. For such geodesics, Song-Zelditch proved a profound C2 convergence in space-time
derivatives with remainder estimates. In a subsequent paper by Rubinstein-Zelditch [RZ], it
was proved that the harmonic map equation can be linearized and thus can be solved and
that harmonic maps into H are also the C2 limit of the cooresponding ones into Bk.
Our motivation in this article is to test the convergence of geodesics and more general
harmonic maps over the principally polarized Abelian varieties by applying the method
developed in [RZ, SoZ]. Our main result is that φk(t, z)→ φt(z) in the C∞ topology in this
Abelian case. Moreover, φk(t, z) has a complete asymptotic expansion in k with the leading
term φt(z) and the second term log(k
mR∞) where R∞ is the ratio of the norming constants
(45). We also test the convergence of the harmonic maps into HΓ0 of (S1)m-invariant metrics
by the corresponding ones into Bk and the convergence is still in the C∞ topology.
2. Background
2.1. Geodesics in H and Bk. Let M be an m-dimensional compact Ka¨hler manifold,
L→M an ample holomorphic line bundle. Let h be a smooth hermitian metric on L, then
hk will be the induced metric on Lk. The curvature of h is the (1, 1)-form on M defined
locally by the formula R(h) = −
√−1
2
∂∂¯ log |s(z)|2h, where s(z) is a local, nowhere vanishing
holomorphic section [GH]. If we fix a hermitian metric h0 and let ω0 = R(h0), then we define
H as the space of Ka¨hler metrics in the fixed class of [ω0]:
H = {φ ∈ C∞(M) : ωφ = ω0 +
√−1
2
∂∂¯φ > 0 }, (1)
where φ is identified with h = h0e
−φ so that R(h) = ωφ. If we define the metric gH on H as
||ψ||2gH,φ =
∫
M
|ψ|2 ωmφ , where φ ∈ H and ψ ∈ TφH ≃ C∞(M). (2)
Then formally (H, gH) is an infinite dimensional non-positively curved symmetric Riemann-
ian manifold [D, M, S]. Furthermore, the geodesics of H in this metric are the paths φt
which satisfy the partial differential equation:
φ¨− |∂φ˙|2ωφ = 0. (3)
The space H contains a family of finite-dimensional non-positively curved symmetric
spaces Bk which are defined as follows: Let H0(M,Lk) be the space of holomorphic sec-
tions of Lk → M and let dk + 1 = dimH0(M,Lk). For large k and for s = (s0, ...., sdk) an
ordered basis of H0(M,Lk), let
ιs :M → CPdk , z → [s0(z), . . . , sdk(z)] (4)
be the Kodaira embedding. Then we have a canonical isomorphism Lk = ι∗sO(1). We then
define a Bergman metric of height k to be a metric of the form:
FSk(s) := (ι
∗
shFS)
1/k =
h0(∑dk
j=0 |sj(z)|2hk0
)1/k , (5)
where hFS is the Fubini-Study Hermitian metric on O(1)→ CPdk . Note that the right side
of (5) is independent of the choice of h0. We define the space of Bergman metrics as:
Bk = {FSk(s) : s a basis of H0(M,Lk)}. (6)
3Then Bk = GL(dk+1)/U(dk +1) is a finite-dimensional negatively curved symmetric space.
It’s proved in [T, Z2] that the union B = ⋃∞k=1 Bk is dense in H in the C∞ topology : If
h ∈ H, then there exists h(k) ∈ Bk such that h(k)→ h in C∞ topology.
In fact, there is a canonical choice of the approximating sequence h(k) [T] which is used
throughout the article. The hermitian metric h on L induces a natural inner productHilbk(h)
on H0(M,Lk) defined by:
〈s1, s2〉hk =
∫
M
(s1(z), s2(z))hk
ωmh
m!
, where ωh = R(h), (7)
for any s1, s2 ∈ H0(M,Lk). In particular, the norm square of the holomorphic section is:
‖s‖2hk =
∫
M
|s|2hk
ωmh
m!
(8)
Now choose s(k) as an orthonormal basis of H0(M,Lk) with respect to the inner product
Hilbk(h), then we have the following C
∞ asymptotics for the Bergman kernel as k →∞ [Z2]
(see also [BBS, BS]):
dk∑
j=0
|sj(z)|2hk = km + a1(z)km−1 + · · · , (9)
where a1(z) is the scalar curvature of h. Now let sˆ(k) = k
−m
2 s(k). Then the Bergman metric
h(k) = FSk ◦ Hilbk(h) := FSk(sˆ(k)) will be an approximating sequence of h; to be more
precise, (5) and (9) imply that for each r > 0,∥∥∥∥h(k)h − 1
∥∥∥∥ = O( 1k2 ) , ‖ω(k)− ω‖ = O( 1k2 ) , ‖φ(k)− φ‖ = O( 1k2 ), (10)
where the norms are taken with respect to Cr(ω0). Here, as before, ω = R(h), ω(k) = R(k),
h = h0e
−φ, h(k) = h0e−φ(k).
Now we can compare geodesics in H and Bergman geodesics in Bk. Let h0, h1 ∈ H. Then
there will be a unique C1,α Monge-Ampe`re geodesic ht = h0e
−φt(z): [0, 1]→ H joining h0 to
h1 for all α ∈ (0, 1) [C]. Assume h0(k) = FSk(sˆ(0)(k)) and h1(k) = FSk(sˆ(1)(k)) are two
sequence in Bk obtained by the canonical construction approximating h0 and h1. Then the
geodesic joining h0(k) and h1(k) in the space Bk = GL(dk+1)/U(dk+1) is constructed in [PS]
as follows : Let σk ∈ GL(dk+1) be the change of basis matrix defined by σk · sˆ(0)(k) = sˆ(1)(k).
Without loss of generality, we may assume that σk is diagonal with entries e
λ0 , ..., eλdk for
some λj ∈ R. Let sˆ(t)(k) = σtk · sˆ(0)(k) where σtk is diagonal with entries eλjt. Define
hk(t, z) = FSk(sˆ
(t)(k)) = h0e
−φk(t,z). (11)
Then ht(k, z) is the smooth geodesic inGL(dk+1)/U(dk+1) joining h0(k) to h1(k). Explicitly,
use identity (5) again, we have:
φk(t, z) =
1
k
log
(
dk∑
j=0
e2λjt|sˆ(0)j (k)|2hk0
)
. (12)
Then the main result of Phong-Sturm [PS] is that the Monge-Ampe`re geodesic φt(z) is
approximated by Bergman geodesic φk(t, z) in a weak C
0 sense on [0, 1] ×M ; a C0 result
with a remainder estimate was later proved by Berndtsson [B].
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For special varieties, one expects better results. The first evidence is in [SoZ]: Song-
Zelditch proved the convergence of φk(t, z) → φt(z) is much stronger for toric hermitian
metrics on the torus-invariant line bundle over the smooth toric Ka¨hler manifold. To be
more precise, define the space of toric Hermitian metrics:
H(Tm) = {φ ∈ H : (eiθ)∗φ = φ, for all eiθ ∈ Tm} (13)
Then for the smooth geodesic in H(Tm) with the endpoints h0 and h1 ∈ H(Tm), they proved:
lim
k→∞
φk(t, z) = φ(t, z) in C
2([0, 1]×M) (14)
And they also obtained the rate of the convergence and the remainder estimates. In fact,
their method can be applied to the principally polaried Abelian varieties. In our article,
we consider the Abelian case and prove the existence of C∞ convergence, moreover, we can
expand φk(t, z) in k completely with the leading term φt.
2.2. Γ-invariant space HΓ0 . Throughout the article, we will use the following notation:
denote Γ = (S1)m ∼= (R/Z)m, the isomorphism is given by e2piiθ → θ mod Zm; thus we can
identify a periodic function on Rm with period 1 in each variable with a function defined on
Γ; denote y2 = y21 + · · ·+ y2m and x · y = x1y1 + · · ·+ xmym for x, y ∈ Rm.
By performing affine transformation, it suffices to consider the principally polarized Abelian
variety M = Cm/Λ, where Λ = Zm+ iZm. We will prove our main result for this model case
first and in section 8, we will sketch how to extend our argument to the general lattice.
Now for M = Cm/Λ, where Λ = Zm + iZm, we can write each point in M as z = x + iy,
where x, y ∈ Rm and they can be considered as the period coordinate in M . There is a
natural action on M : the group Γ = (S1)m acts on M via translations in the Langrangian
subspace Rm ⊂ Cm, i.e., the translation of x in the universal covering space.
Let L→ M be a principal polarization of M ; then there exists a hermitian metric defined
on L [GH]:
h = e−2piy
2
The curvature of h is given by R(h) =
√−1
2
pi
∑m
α=1 dzα ∧ dz¯α which is in the class [pic1(L)].
Now fix ω0 = R(h) a flat metric on M with associated Ka¨hler potential 2piy
2, denote HΓ0 as
the space of Γ-invariant Ka¨hler metrics in the fixed class [ω0], then:
HΓ0 = {ψ ∈ C∞Γ (M) : ωψ = ω0 +
√−1
2
∂∂¯ψ > 0}.
Note that a smooth function ψ(x, y) defined on M invariant under the Γ action should be
independent of x variable; thus in fact it induces a smooth function on M/Γ, i.e., ψ can be
considered as a smooth and periodic function on the universal covering space y ∈ Rm.
All hermitian metrics h on L such that R(h) = ωψ ∈ HΓ0 are of the form:
h = e−2piy
2−4piψ(y). (15)
In section 4, we will see such h is a well defined hermitian metric on L. And the corresponding
Ka¨hler potential is:
ϕ(y) = 2piy2 + 4piψ(y), (16)
where ψ(y) is a smooth and periodic function with period 1 and ∇2ϕ(y) > 0.
5The following fact about the space HΓ0 is crucial [D, S]: Given any ϕ0 and ϕ1 ∈ HΓ0 , we
can join them by a smooth geodesic ϕt ∈ HΓ0 . Thus throughout the article, we will consider
the geodesic in the form ϕt(y) = 2piy
2 + 4piψt(y).
In section 8, we show how to get our main results for the case of a general lattice.
3. Main results
3.1. Complete asymptotics of geodesics. Our main task in this article is to prove the
following theorem:
Theorem 3.1. LetM be a principally polarized Abelian variety and let L→M be a principal
polarization of M . Given h0 and h1 in HΓ0 of the space of Γ-invariant Ka¨hler metrics, let
ht ∈ HΓ0 be the smooth geodesic between them. Let hk(t) be the Bergman geodesic between
h0(k) and h1(k) in Bk. Let hk(t) = e−φk(t,z)h0 and ht = e−φt(z)h0, then,
lim
k→∞
φk(t, z) = φt(z)
in the C∞([0, 1]×M) topology. Moreover, we have the following C∞ complete asymptotics:
φk(t, z) = φt(z) +mk
−1 log k + k−1a1(t, µt) + k−2a2(t, µt) + · · · (17)
for k large enough, where µt(y) = ∇ϕt(y) where y is defined in (24) and each an is a smooth
function of µt and t. In particular, a1 = logR∞ where R∞ is defined by (45).
We now sketch the proof of our main result for the model case: define the inner product
on H0(M,Lk) induced by hkt in the sense of (7), then in Proposition 4.1 we first prove that:
for any fixed t, the following theta functions of level k:
θj(z) =
∑
n∈Zm
e−pi
(j+kn)2
k
+2pii(j+kn)·z , j ∈ (Z/kZ)m
form an orthogonal basis with respect to this inner product, in particular, dimH0(M,Lk) =
km. Therefore, we can choose the orthonormal basis s(t)(k) as θj normalized by ‖θj‖hkt .
Hence, if σk ∈ GL(km) such that σk · sˆ(0)(k) = sˆ(1)(k), then σk can be chosen to be diagonal
with entries eλj = ‖θj‖hk0/‖θj‖hk1 . Hence, the equation (12) of the Bergman geodesic becomes:
φk(t, z) =
1
k
log
∑
j∈(Z/kZ)m
(‖θj‖2hk0
‖θj‖2hk1
)t |θj |2hk0
‖θj‖2hk0
. (18)
Our main theorem is to prove this term converges to φt(z) in the C
∞([0, 1]×M) topology.
But
φk(t, z)− φt(z) = 1
k
log
∑
j∈(Z/kZ)m
(‖θj‖2hk0
‖θj‖2hk1
)t |θj |2hk0e−kφt
‖θj‖2hk0
,
denote ρk(j, t) = ‖θj‖2hkt as the norming constant and denote
Rk(j, t) =
ρk(j, t)
(ρk(j, 0))1−t(ρk(j, 1))t
,
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and as usual ht = e
−φth0, then we can rewrite
φk(t, z)− φt(z) = 1
k
log
∑
j∈(Z/kZ)m
Rk(j, t)
|θj |2hkt
‖θj‖2hkt
. (19)
Thus our goal is equivalent to prove this term goes to 0 in the C∞ topology as k → ∞. In
fact we prove the following result that implies Theorem 3.1 immediately:
Lemma 3.2. With all assumptions and notations as above, we have:
1
k
log
∑
j∈(Z/kZ)m
Rk(j, t)
|θj |2hkt
‖θj‖2hkt
= mk−1 log k + logR∞(µt, t) + k−2c1(µt, t) + · · ·
where µt(y) = ∇ϕt(y), cn(µt, t) ∈ C∞(M × [0, 1]) and periodic in y variables for any fixed t
and R∞ is defined by (45). Furthermore, this expansion can be differentiated any number of
times on both sides with respect to t and y (or z).
The proof of Lemma 3.2 is a consequence of the following two facts
• Regularity: Rk(j, t) admits the complete asymptotics with the leading term given by
R∞(x, t) evaluated at the point x0 = −4pijk (Lemma 5.2).
• The generalized Bernstein Polynomial∑j∈(Z/kZ)m f(− jk) |θj |2hk‖θj‖2
hk
admits complete asymp-
totics for any periodic function f defined on Rm with period 1 (Lemma 3.3).
3.2. Dedekind-Riemann sums. In section 6, we prove the following generalized Bernstein
Polynomial Lemma using the basic properties of theta functions and Weyl quantization:
Lemma 3.3. Let f(x) ∈ C∞(Rm) and periodic in each variable with period 1, let h ∈ HΓ0 ,
then we have the complete asymptotics:
1
km
∑
j∈(Z/kZ)m
f(− j
k
)
|θj |2hk
‖θj‖2hk
= f(µ) + k−1b1(µ) + · · · (20)
where µ(y) = y +∇ψ(y) and bn(µ) ∈ C∞(Rm) for all n ∈ N.
The generalized Bernstein polynomial Lemma 3.3 has an application to Dedekind-Riemann
sums for the periodic functions. Results about the complete asymptotics of Dedekind-
Riemann sums for the smooth functions with compact support over the polytope P were
obtained by Brion-Vergne, Guillemin-Sternberg and many others (cf. [BV, GS]). For pur-
poses of comparison, Theorem 4.2 of [GS] states that for f ∈ C∞0 (Rn):
1
km
∑
α∈Zm∩kP
f(
α
k
) =
∑
F
∑
γ∈Γ♯F
τγ
(
1
k
∂
∂h
)∫
Ph
f(x)dx
 |h=0
where α is the lattice point in the kth dilate of the polytope kP and Ph is a parallel dilate
of P . We refer to [GS] for more details.
Afterward, Zelditch related the Bernstein polynomials to the Bergman kernel for the
Fubini-Study metric on CP1, and generalized this relation to any compact Ka¨hler toric
manifold, implying many interesting results [Z1]. To be more precise, let (L, h)→ (M,ω) be
7a toric Hermitian invariant line bundle over a Ka¨hler toric manifold with associated moment
polytope P , he proved the following complete asymptotics:∑
α∈Zm∩kP
f(
α
k
)
|sα|2hk
‖sα‖2hk
= f(x) + k−1L1f(x) + k−2L2f(x) + · · · (21)
where f ∈ C∞0 (Rm), each Lj is a differential operator of order 2j, sα is the orthogonal basis
of H0(M,Lk) which in fact are monomials zα. Then the simple integration yields:
1
km
∑
α∈Zm∩kP
f(
α
k
) =
∫
P
f(x)dx+
1
2k
∫
∂P
f(x)dx+
1
k2
∫
P
L2f(x)dx+ · · · (22)
In [F], this method is then generalized to the polyhedral set.
In section 6, we will first generalize the method in [F, Z1] to Abelian varieties to get the
Lemma 3.3. If we take the integral over M on both sides of (20) and note
∑
j∈(Z/kZ)m f(
j
k
) =∑
j∈(Z/kZ)m f(− jk ), then we have the following Dedekind-Riemann sums for periodic func-
tions:
Corollary 3.4. Let f(x) ∈ C∞(Rm) and periodic in each variable with period 1, then:
1
km
∑
j∈(Z/kZ)m
f(
j
k
) =
∫
[0,1]m
f(x)dx+ k−1
∫
[0,1]m
b1(x)dx+ · · · (23)
where each bn(x) ∈ C∞(Rm) and can be computed explicitly.
3.3. Complete asymptotics of harmonic maps. A harmonic map between two Rie-
mannian manifolds (N1, g1) and (N2, g2) is a critical point of the energy functional
E(f) =
∫
N1
|df |2g1⊗f∗g2dV olg1
on the space of smooth maps f : N1 → N2. Note that this notion may also be defined
when the target manifold (N2, g2) is an infinite-dimensional weakly Riemannian manifold,
e.g., (H, gH). By a smooth map f from N to H we mean a function f ∈ C∞(N ×M) such
that f(q, ·) ∈ H for each q ∈ N (see Definition 1.1 in [RZ]).
In [RZ], Rubinstein-Zelditch proved that, in the toric case, the Dirichlet problem for a har-
monic map ϕ : N →H(Tm) of any compact Riemannian manifold N with smooth boundary
into H(Tm) of toric invariant metrics admits a smooth solution that may be approximated
in C2(N ×M) by a special sequence of harmonic maps ϕk : N → Bk(Tm) ⊂ H(Tm) into the
subspaces Bk(Tm) of Bergman metrics (Theorem 1.1 in [RZ]). This generalized the work of
Song-Zelditch in the case of geodesics, i.e., where N = [0, 1].
In the spirit of [RZ], we consider the harmonic maps into the space of HΓ0 of Γ-invariant
Abelian metrics . Then we can prove that the approximation of the harmonic into HΓ0 by
the corresponding ones into Bk is still C∞.
Theorem 3.5. LetM be a principally polarized Abelian variety and let L→M be a principal
polarization. Let (N, g) be a compact oriented smooth Riemannian manifold with smooth
boundary ∂N . Let ψ : ∂N → HΓ0 denote a fixed smooth map. There exists a harmonic map
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ϕ : N →HΓ0 with ϕ|∂N = ψ and harmonic maps ϕk : N → Bk with ϕk|∂N = FSk ◦Hilbk(ψ),
then we have the following C∞ complete asymptotics,
ϕk = ϕ+mk
−1 log k + k−1a1 + k−2a2 + · · ·
where each an is smooth and a1 = logK∞ where K∞ is defined by (68).
The proof of Theorem 3.5 is similar to the one in [RZ]. In section 9, we will sketch the
main steps of the proof for the model case.
3.4. Final remarks. The C2 convergence of Song-Zelditch for the toric varieties can be
improved to the C∞ convergence for the Abelian varieties mainly because of the Regularity
Lemma 5.2: Rk(j, t) admits complete asymptotics. But for the toric case, they do not know
the existence of the complete asymptotics of Rk(α, t), where α is a lattice point in P which
is the image of the moment map of toric varieties ∇ρϕ : M → P . In fact, they have the
following lemma:
(
∂
∂t
)nRk(α, t) = (
∂
∂t
)nR∞(
α
k
, t) +O(k−
1
3 ) , 0 ≤ n ≤ 2.
They can not prove the existence of complete asymptotics because they can not get the joint
asymptotics of k and α of the norming constant ρk(α) = ‖sα‖2hk , where sα is the holomorphic
section of the invariant line bundle. Recall that the boundary of P is the image of the points
with isotropy group of Tn, 1 ≤ n ≤ m under the moment map ∇ρϕ and the boundary causes
serious complications. To be more precise, they can rewrite ρk(α) as:
ρk(α) =
∫
P
e−k(uϕ(x)+〈
α
k
−x,∇uϕ(x)〉)dx
where uϕ is the symplectic potential defined on P , i.e., the Legendre transform of Ka¨hler
potential ϕ. Note that the critical point of the phase is given by α
k
; thus they can get
complete asymptotics by the stationary phase method when the point α
k
is far away from
the boundary of P . But they can not get joint asymptotics by this method when the point
goes to the boundary ∂P as k →∞ [SoZ].
But in our Abelian case, we do not have such disadvantage. There is a real torus Γ = (S1)m
action on the Abelian varieties. This action is free, i.e., there is no point with the isotropy
group of (S1)n, 1 ≤ n ≤ m. In section 5.1, we will see that the gradient of the Ka¨hler
potential induces a map ∇ϕt = 4pi(y+∇ψt) :M →M/Γ which is in fact a Lie group valued
moment map for any fixed t. The image of ∇ϕt is M/Γ which has no boundary. There is
another way to look at this, in section 5.2, we rewrite ρk(j) = ‖θj‖2hk as an integral over the
universal covering space Rm (47):
ρk(j) = e
−2pi j2
k
∫
Rm
e−kpi(−u(x)+〈x+
4πj
k
,∇u(x)〉)dx
where u(x) is defined by Legendre transform of ϕ, thus we can apply the stationary phase
method to this integral everywhere.
For example, in section 4, we can get identity (35) which is the exact formula for ρk(j) =
‖θj‖2hk . If we assume ψ ≡ 0, i.e., we choose the flat metric over the Abelian variety, then
‖θj‖2hk will be a constant independent of j, i.e., the joint complete asymptotics of ρk(j)(which
is in fact a constant) exist for any j as k →∞. This is totally different from the toric case.
9For example, consider (CP1, ωFS) with Fubini-Study metric, then ‖zα‖2hkFS =
(
k
α
)−1, but as
proved in [SoZ1], for any α ∈ [k− 34 , 1− k− 34 ], by stationary phase method:(
k
kα
)
∼ 1√
2pikα(1− α)e
(α logα+(1−α) log(1−α))
Then it’s easy to see that the asymptotics are highly non-uniform as α→ 0 or α→ 1, where
0 and 1 are two boundary points of the moment polytope [0, 1] of CP1.
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4. Abelian varieties and Theta functions
In this section, we will review some basic properties of principally polarized Abelian vari-
eties and theta functions, we mainly follow [FMN], refer to [GH, Mu] for more details.
Let V be a m-dimensional complex vector space and Λ ∼= Z2m a maximal lattice in V
such that the quotient M = V/Λ is an Abelian variety, i.e., a complex torus which can
be holomorphically embedded in projective space. We assume that M is endowed with a
principal polarization, then we can always find a basis λ1, ..., λ2m for Λ, such that λ1, ..., λm
is a basis of V and
λm+α =
m∑
β=1
Zβαλβ , α = 1, ..., m
where Z = (Zαβ)
m
α,β=1is a m × m matrix satisfies ZT = Z and ImZ > 0. Conversely,
principally polarized Abelian varieties are parametrized by such matrices.
Let x1, ..., xm, y1, ..., ym be the coordinates on V which are dual to the generators λ1, ..., λ2m
of the lattice Λ. Then xα and yα can also be considered as periodic coordinates in M , and
are related to the complex ones by:
zα = xα +
m∑
β=1
Zαβyβ , z¯α = xα +
m∑
β=1
Z¯αβyβ. (24)
Let L → M be the holomorphic line bundle, if we further assume L is a principal polar-
ization of M , then the first Chern class c1(L) is given by:
ω0 =
∑m
α=1 dxα ∧ dyα
=
√−1
2
∑
α,β(ImZ)
αβdzα ∧ dz¯β.
(25)
The space H0(M,Lk) is naturally isomorphic with the space of holomorphic functions θ on
V satisfying:
θ(z + λα) = θ(z), θ(z + λm+α) = e
−2kpiizα−kpiiZααθ(z). (26)
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In fact, these theta functions are in form [FMN]:
θ(z) =
∑
l∈(Z/kZ)m
alθl(z,Ω),
where
θl(z,Ω) =
∑
n∈Zm
epii(l+kn)
Z
k
(l+kn)T e2pii(l+kn)·z, l ∈ (Z/kZ)m. (27)
In particular, dim H0(M,Lk)= km.
Now consider the hermitian metric h defined on L, h should be a positive C∞ function of
z satisfying:
h(z)|θ(z)|2 = h(z + λ)|θ(z + λ)|2 (28)
for any λ ∈ Λ; thus
h(z + λα) = h(z) , h(z + λm+α) = |e2piizα|2|epiiZαα|2h(z). (29)
Conversely, any such function h defines a metric on L.
For simplicity, we first consider the Abelian variety M = Cm/Λ, where Λ = Zm + iZm.
Write z = x+ iy, where x and y ∈ Rm and can be viewed as the periodic coordinate of M .
Let L→ M be a principal polarization of M , then by formula (27), the global holomorphic
section of H0(M,L) is given by the following Riemann theta functions:
θ(z) =
∑
n∈Zm
e−pin
2+2piin·z, (30)
where n2 = n21 + · · ·+ n2m and n · z = n1z1 · · ·+ nmzm. And the global holomorphic section
of H0(M,Lk) is given by:
θj(z) =
∑
n∈Zm
e−pi
(j+kn)2
k
+2pii(j+kn)·z, j ∈ (Z/kZ)m (31)
with dimH0(M,Lk)= km. Furthermore, θj(z) are holomorphic functions over C
m and satisfy
the following quasi-periodicity relations:
θj(zα + 1) = θj(zα), θj(zα + i) = e
−2piikzα+kpiθj(zα). (32)
Now define the hermitian metric on L as
ht = e
−2piy2−4piψt(y),
where ψt(y) is a smooth and periodic function of y ∈ Rm with period 1. It’s easy to check
ht satisfies conditions (29)
ht(zα + 1) = ht(zα) , ht(zα + i) = |e2piizα |2e2piht(zα),
thus ht is a well defined hermitian metric on L.
Now in our case, the natural Hermitian inner product (7) defined on the space H0(M,Lk)
reads:
〈θl, θj〉hkt =
∫
M
θl(z)θj(z)e
−2kpiy2−4kpiψt(y)ω
m
ht
m!
, (33)
where the volume form
ωmht
m!
= (4pi)m det(I +∇2ψt)dxdy.
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Proposition 4.1. {θj , j ∈ (Z/kZ)m} forms an orthogonal basis of H0(M,Lk) with respect
to the Hermitian inner product defined by (33).
Proof. By definition,
〈θl, θj〉hkt = (4pi)m
∫
[0,1]m
∫
[0,1]m
[
∑
n∈Zm e
−pi (l+kn)2
k
+2pii(l+kn)·z]·
[
∑
p∈Zm e
−pi (j+kp)2
k
−2pii(j+kp)·z¯]e−2kpiy
2−4kpiψt(y) det(I +∇2ψt)dxdy
= (4pi)m[
∑
n∈Zm
∑
p∈Zm
∫
[0,1]m
e2pii(l+kn−j−kp)·xdx]·
[
∫
[0,1]m
e−pi
(l+kn)2+(j+kp)2
k
−2pi(l+kn+j+kp)·y−2kpiy2−4kpiψt det(I +∇2ψt)dy]
(34)
For the first integral, if lα + knα = jα + kpα, i.e., lα − jα = 0 mod k, then∫
[0,1]
e2pii(lα+knα−jα−kpα)xαdxα = 1,
otherwise, it’s 0. Since 1 ≤ lα, jα ≤ k, hence lα + knα = jα + kpα iff lα = jα and pα = nα;
thus the first integral is nonzero iff l = j and n = p. Then equation (34) becomes:
〈θl, θj〉hkt = (4pi)mδl,j
∑
n∈Zm
∫
[0,1]m
e−2kpi(
j
k
+n+y)2e−4kpiψt(y) det(I +∇2ψt)dy.
Hence, we can see that {θj , j ∈ (Z/kZ)m} forms an orthogonal basis of H0(M,Lk). 
Furthermore, we have:
‖θj‖2hkt = (4pi)
m
∑
n∈Zm
∫
[0,1]m
e−2kpi(
j
k
+n+y)2e−4kpiψt(y) det(I +∇2ψt)dy
= (4pi)m
∫
Rm
e−2kpi(y+
j
k
)2e−4kpiψt(y) det(I +∇2ψt)dy.
(35)
In the last step, we change variable y → y + n and use the fact that ψt(y) is a smooth and
periodic function with period 1. In fact, this integral is taken over the universal covering
space Rm.
5. Regularity lemma
5.1. Γ-invariant metrics and geodesics. In this subsection, we recall some basic proper-
ties of the space HΓ0 of Γ-invariant Ka¨hler metric proved in [D].
Now consider M = Cm/Λ where Λ = Zm + iZm, we write each point in M as z =
x + iy, where x and y ∈ Rm and can be considered as periodic coordinate in M . Let
ω0 =
pi
√−1
2
∑m
α=1 dzα ∧ dz¯α be the flat metric with associated local Ka¨hler potential 2piy2.
The group Γ = (S1)m acts on M via translations in the Langrangian subspace Rm ⊂ Cm,
and this induces an isometric action of Γ on the space H of Ka¨hler metrics on M ; so HΓ0 of
Γ-invariant metrics is totally geodesic in H. Furthermore, HΓ0 can be viewed as the set of
functions:
HΓ0 = {ψ ∈ C∞Γ (M) : ωψ = ω0 +
√−1
2
∂∂¯ψ > 0}. (36)
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In fact, a function invariant under the action of Γ is independent of x; thus it descends
to a smooth function on M/Γ, i.e., smooth and periodic function with period 1 defined on
y ∈ Rm.
The crucial point about HΓ0 is: Given any two points ϕ0 and ϕ1 in HΓ0 , there exists a
smooth geodesics ϕt(y) in HΓ0 joining them. To be more precise, in the local coordinate, the
geodesic is given by the path ϕt(z) = 2piy
2 + 4piψt(y) satisfying the condition:
ϕ¨− 1
2
|∇ϕ˙|2ωψ = 0 (37)
Moreover, ∇2ϕt = I+∇2ψt > 0 because of the positivity of Ka¨hler form; thus ϕt is a convex
function on Rm. Then the Legendre transform of ϕt(y)
ut(µ) = µ · y − ϕt(y) (38)
is well defined where
µ = ∇ϕt = 4pi(y +∇ψt(y)). (39)
For any fixed t, the map µ(y, t) = ∇ϕt : Rm → Rm and also induces a map µ : M → M/Γ
which is an example of a Lie group valued moment map. Following the same proof in
[D, G, R], we have:
Proposition 5.1. u(t, µ) is linear along the geodesic (37).
According to this Proposition, we can solve equation (37) in HΓ0 as follows: given any two
Ka¨hler potential ϕ0 and ϕ1, make the Legendre transform u0 = Lϕ0 and u1 = Lϕ1, then
ut = (1− t)u0 + tu1 (40)
solve equation u¨ = 0; thus the inverse of Legendre transform
ϕt = L−1ut (41)
will solve equation (37) which is C∞.
5.2. Regularity Lemma. Denote u(t, µ) = Lϕt(y) as the Legendre transform of ϕt(y) for
any fixed t. By properties of Legendre transform, we have:
y = ∇µu, (42)
∂y
∂µ
= (∇2yϕ)−1(y) =
1
4pi
(1 +∇2ψt)−1(y) > 0. (43)
Let ρk(j, t) = ‖θj‖2hkt denote the norming constant. Define
Rk(j, t) =
ρk(j, t)
(ρk(j, 0))1−t(ρk(j, 1))t
, (44)
R∞(µ, t) = (
det∇2µu
(det∇2µu0)1−t(det∇2µu1)t
)1/2. (45)
We have following regularity lemma:
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Lemma 5.2. We have the following complete asymptotics,
Rk(j, t) = R∞(µ, t)(1 + k−1a1 + k−2a2 + · · ·+ k−νaν)|µ=− 4πj
k
+O(k−ν−1)
where ν is any positive integer and O symbol is uniform in t. Moreover, R∞(µ, t) and each
aν are smooth functions of (µ, t) and 4pi- periodic in µ for any fixed t.
Proof. The periodicity of R∞(µ, t) is easy to see since the map µ : y → ∇yφ induces a map
from M to M/Γ, thus all functions in µ variables will be periodic.
First from (43), we have,
dµ = (4pi)m det(I +∇2ψt)dy. (46)
Now plug (38), (42) and (46) into (35), then we can rewrite the norming constant ρk(j, t)
as
ρk(j, t) = e
−2pi j2
k
∫
Rm
e−k(µ·
∂u
∂µ
−u+ 4πj
k
· ∂u
∂µ
)dµ. (47)
Hence, by definition, we can rewrite Rk(t, j) as
Rk(j, t) =
∫
Rm
e−kpi(µ·
∂u
∂µ
−u+ 4πj
k
· ∂u
∂µ
)dµ
(
∫
Rm
e−kpi(µ·
∂u0
∂µ
−u0+ 4πjk ·
∂u0
∂µ
)dµ)1−t(
∫
Rm
e−kpi(µ·
∂u1
∂µ
−u0+ 4πjk ·
∂u1
∂µ
)dµ)t
.
Recall the stationary phase method (Theorem 7.7.5 in [H]):∫
u(x)eikΨ(x)dx =
eikΨ(x)√
det(k∇2Ψ(x)/2pii)
∞∑
λ=0
k−λLλu|x=x′ (48)
where x′ is the critical point of Ψ, ImΨ ≥ 0 and Lλ is a differential operator of order 2λ.
Note that in [H], u(x) is assumed to has compact support, but in fact this formula is true
for any u(x) ∈ C∞(Rm). The strategy is to choose a cut-off function χ in a neighborhood
of x′ and rewrite the amplitude u to be χu + (1 − χ)u, then separate the integration into
two parts correspondingly. To the integration with the amplitude χu, we use the formula of
stationary phase method directly; to the second part, by Theorem 1.1.4 in [So], is O(k−∞).
To our case, note that the hypotheses of [H] are satisfied since we can add some constant
to ensure our phase function has positive imaginary part. Now the critical point of the phase
Ψ = µ · ∂u
∂µ
−u+ 4pij
k
· ∂u
∂µ
satisfies: (µ′+ 4pij
k
) ·∇2u = 0. Thus the critical point of the phase is
given by µ′ = −4pij
k
since the matrix ∇2u > 0 . And the Hessian of the phase at the critical
point is ∇2Ψ|µ=µ′ = ∇2u(µ′, t) > cI. Thus by the formula of the stationary phase method,
we have ∫
Rm
e−k(µ·
∂u
∂µ
−u+ 4πj
k
· ∂u
∂µ
)dµ
= k−
m
2 (e−k(µ·
∂u
∂µ
−u+ 4πj
k
· ∂u
∂µ
)
√
det∇2u)(1 + k−1L1(t, µ) + k−2L2(t, µ) · · · )|µ′=− 4πj
k
= k−
m
2 (eku
√
det∇2u)(1 + k−1L1(t, µ) + k−2L2(t, µ) · · · )|µ′=− 4πj
k
.
(49)
where each Lλ is a smooth function of (µ, t) and 4pi-periodic in µ for any fixed t.
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Now we can get the following expression of Rk(j, t) by expanding each term in denominator
and numerator:
Rk(j, t) = e
kpi(u−(1−t)u0−tu1)( det∇
2u
(det∇2u0)1−t(det∇2u1)t )
1/2 1+k
−1L1(t,µ)+···
(1+k−1L1(0,µ)+··· )1−t(1+k−1L1(1,µ)+··· )t |µ=− 4πjk
= R∞(µ, t)(1 + k−1a1 + k−2a2 + . . .+ k−νaν)|µ=− 4πj
k
+O(k−ν−1).
(50)
In the last step, we plug in the identity (40). Then we apply the Taylor expansion (1+x)γ =
1+γx+· · · to the term (1+k−1L1(t, µ)+· · · )(1+k−1L1(0, µ)+· · · )t−1(1+k−1L1(1, µ)+· · · )−t,
choosing γ as t − 1 and −t. If we expand these three terms completely, we will get the
complete asymptotics, and we can compute each term step by step. For example, the first
term is 1 and the second term is k−1(L1(t, µ)− (1− t)L1(0, µ)− tL1(1, µ)). Moreover, aν is a
polynomial of t and Lλ(t, µ) for some λ, hence each aν is smooth and uniformly bounded on
[0, 1]×M , and periodic for any fixed t . Furthermore, if we combine this with the fact that
R∞(µ, t) is uniformly bounded, then the error term R∞(µ, t)aλ+1 is uniformly bounded, i.e.,
the symbol O is uniformly bounded. 
6. Generalized Bernstein Polynomial
In this section, we will prove the Lemma 3.3. We first introduce the definition and some
basic properties of the Bergman kernel, refer to [SZ, Z1, Z2] for more background.
Let (L, h) → (M,ω) be a positive holomorphic line bundle over a compact Ka¨hler man-
ifold of complex dimension m. We assume ω = −
√−1
2
∂∂¯ log |s(z)|2h, where s(z) is a local
holomorphic frame. We now define the Bergman kernel as the orthogonal projection from
the L2 integral sections to the holomorphic sections:
Πk : L
2(M,Lk)→ H0(M,Lk). (51)
Furthermore, if
{
skj
}dk
j=0
is an orthonormal basis of H0(M,Lk) with respect to the inner
product defined by (7), then
Πk(z, w) =
dk∑
j=0
skj (z)⊗ skj (w), (52)
where dk + 1=dim H
0(M,Lk). The following holds for any m-dimensional Ka¨hler manifold
[BBS, BS, SZ]:
Proposition 6.1. For any C∞ positive hermitian line bundle (L, h), we have:
Πk(z, w) = e
k(φ(z,w¯)− 1
2
(φ(z)+φ(w)))Ak(z, w) +O(k
−∞), (53)
where φ is the smooth local Ka¨hler potential for h, φ(z, w¯) is the almost analytic extension
of φ(z) and Ak(z, w) = k
m(1 + k−1a1(z, w) + · · · ) a semi-classical symbol of order m.
Now we turn to the proof of Lemma 3.3:
Proof. Assume M = Cm/Λ where Λ = Zm + iZm and L → M is a principal polarization
of M . Choose Ka¨hler potential ϕ(y) = 2piy2 + 4piψ(y) as before. From Proposition 4.1,
15
{θj , j ∈ (Z/kZ)m} forms an orthogonal basis of H0(M,Lk) with respect to the Hermitian
inner product defined by (7); thus by formula (52), the Bergman kernel is given by:
Πk(z, w) =
∑
j∈(Z/kZ)m
θj(z)θj(w)e
− kϕ(Imz)
2
− kϕ(Imw)
2
‖θj‖2hk
. (54)
For any function f(x) ∈ C∞(Tm), we can define the following translation operator U :
f(x)→ f(x− 1
k
) on the universal covering space. If we consider this operator acting on the
vector space H0(M,Lk) of holomorphic theta functions, then we have the following Weyl
quantization [K, KR]:
Opk(f) =
∑
n∈Zm
f̂(n)Un, (55)
where f̂(n) is the Fourier coefficients of f . Now apply U to theta functions:
θj(z) =
∑
n∈Zm
e−pi
(j+kn)2
k
+2pii(j+kn)·z,
then for any x ∈ Rm, it’s easy to see that:
U(θj(z + x)) = e
−2pii j
k θj(z + x), (56)
where e−2pii
j
k = e−2pii
j1
k · · · e−2pii jmk . Next apply Opk(f) to theta functions, we have:
Opk(f)θj(z + x) =
(∑
n∈Zm
f̂(n)e−2pii
j
k
·n
)
θj(z + x) = f(− j
k
)θj(z + x). (57)
Now apply this operator to the Bergman kernel off the diagonal (54), we have:
Opk(f)Πk(z + x, w)|x=0 = Opk(f)
∑
j∈(Z/kZ)m
θj(z+x)θj(w)e
−
kϕ(Imz)
2 −
kϕ(Imw)
2
‖θj‖2
hk
|x=0
=
∑
j∈(Z/kZ)m f(− jk ) θj(z)θj(w)e
−
kϕ(Imz)
2 −
kϕ(Imw)
2
‖θj‖2
hk
.
(58)
Here we use the fact that ϕ(Im(z + x)) = ϕ(Imz) = ϕ(y). Now choose z = w, we have:
1
km
∑
j∈(Z/kZ)m
f(− j
k
)
|θj |hk
‖θj‖2hk
=
1
km
Opk(f)Πk(z + x, z)|x=0. (59)
Now we get the complete asymptotics of Πk(z + x, z) as follows: by assumption, our Ka¨hler
potential only depends on y =Imz, i.e., ϕ(z) = ϕ(y) = ϕ( z−z¯
2i
), thus the almost analytic
extension of ϕ is given by
ϕ(z, w¯) = ϕ(
z − w¯
2i
). (60)
Hence, formula (53) reads:
Πk(z + x, z) = e
k(ϕ(z+x,z¯)− 1
2
(ϕ(z+x)+ϕ(z)))Ak(z + x, z)
= ek(ϕ(z+x,z¯)−ϕ(z))Ak(z + x, z),
(61)
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where Ak(z + x, z) = k
m(1 + k−1a1(z + x, z) + · · · ). In the last step, we use the fact that
ϕ(z + x) = ϕ(z) = ϕ(Imz) again.
Now apply the operator 1
km
Opk(f) on both sides of (61),
1
km
Opk(f)Πk(z + x, z)|x=0 = 1km
∑
n∈Zm fˆ(n)U
nΠk(z + x, z)|x=0
= 1
km
∑
n∈Zm fˆ(n)Πk(z − nk , z)
= 1
km
∑
n∈Zm fˆ(n)e
k(ϕ(z−n
k
,z¯)−ϕ(z))Ak(z − nk , z)
= 1
km
∑
n∈Zm fˆ(n)e
k(ϕ(y− n
2ik
)−ϕ(y))Ak(z − nk , z).
(62)
In the last step, by identity (60), the almost analytic extension ϕ(z − n
k
, z¯) = ϕ(
z−n
k
−z¯
2i
) =
ϕ(y − n
2ki
).
To the last equation in (62), if we apply the Taylor expansion to ek(ϕ(y−
n
2ik
)−ϕ(y)) and use the
complete asymptotic of Ak(z− nk , z) = km(1+k−1a1(z− nk , z)+ · · · ), we will get the complete
asymptotic of Opk(f)Π(z + x, z)|x=0. For example, we can compute the leading term as
follows: first, ek(ϕ(y−
n
2ik
)−ϕ(y)) = e−∇ϕ·
n
2i
+O(k−1) = e−∇ϕ·
n
2i +O(k−1); second, 1
km
Ak(z− nk , z) =
1 +O(k−1). Hence the leading term is given by,∑
n∈Zm
fˆ(n)e−∇ϕ·
n
2i = f(
∇ϕ
4pi
) = f(µ), (63)
where µ = y +∇ψ. Hence, we can get the complete asymptotics step by step if we further
expand ek(ϕ(y−
n
2ik
)−ϕ(y)) and Ak. 
As a remark, if we replace f and h to be a path of smooth periodic function ft and any
path ht in HΓ0 , then the lemma still holds with the leading term ft(µ). Furthermore, we can
differentiate the complete asymptotics with respect to t on both sides.
7. C∞ convergence of Bergman geodesics
In this section, we will apply the Regularity Lemma and the generalized Bernstein Poly-
nomial Lemma to prove Lemma 3.2:
Proof. We first apply Lemma 5.2, and denote Aν(µ, t) ∼ R∞(µ, t)aν(µ), then Aν(µ, t) is
periodic in µ since R∞(µ, t) and aν(µ) are periodic. Then:∑
j∈(Z/kZ)m Rk(j, t)
|θj |2
hkt
‖θj‖2
hkt
∼ ∑j∈(Z/kZ)m R∞(µ, t)(1 + k−1a1 + k−2a2 + · · · )|µ=− 4πj
k
|θj |2
hkt
‖θj‖2
hkt
∼ ∑j∈(Z/kZ)m R∞(−4pijk , t) |θj |2hkt‖θj‖2
hkt
+ 1
k
∑
j∈(Z/kZ)m A1(−4pijk , t)
|θj |2
hk
t
‖θj‖2
hkt
+ · · · .
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Since R∞(µ, t) is periodic with period 4pi, then R∞(4piµ) will be periodic with period 1, thus
if we apply Lemma 3.3 to function R∞(4piµ), we have:∑
j∈(Z/kZ)m
R∞(−4pij
k
, t)
|θj |2hkt
‖θj‖2hkt
∼ km(R∞(µ, t) + k−1b11(µ, t) + · · · ),
where µ = 4pi(y +∇ψt). In fact, we can apply Lemma 3.3 to each coefficient, e.g.,
1
k
∑
j∈(Z/kZ)m
A1(−4pij
k
, t)
|θj |2hkt
‖θj‖2hkt
∼ km(k−1A1(µ, t) + · · · )
and so on, then we have the complete asymptotics:∑
j∈(Z/kZ)m Rk(j, t)
|θj |2
hkt
‖θj‖2
hkt
∼ km(R∞(µ, t) + k−1(A1 + b11) + · · · ).
We can divide R∞ since in Lemma 5.2, we prove this term is strictly positive, uniformly
bounded and smooth. Hence,
1
k
log
∑
j∈(Z/kZ)m Rk(j, t)
|θj |2
hkt
‖θj‖2
hkt
∼ k−1 log[kmR∞(µ, t)(1 + 1k A1+b11R∞ + · · · )]
∼ mk−1 log k + k−1 logR∞ + k−1 log(1 + 1k A1+b11R∞ + · · · )
∼ mk−1 log k + k−1 logR∞ + k−2A1+b11R∞ + · · · .
In the last step, we use the Taylor expansion log(1 + x) ∼ x− x2
2
+ · · · . Moreover,
1
k
log
∑
j∈(Z/kZ)m
Rk(j, t)
|θj |2hkt
‖θj‖2hkt
−→ 0
in C∞ topology as k →∞. This implies that the Bergman geodesics converge to the geodesic
in the Ka¨hler space in C∞ topology. 
8. General Lattice
In this section, we will sketch the proof of our main theorem for any principally polarized
Abelian variety.
LetM = Cm/Λ where Λ = SpanZ{λ1, ..., λ2m} is a lattice in Cm with its normalized period
matrix given by Ω := [I, Z] where Zt = Z and ImZ > 0. Choose {x1, ..., xm, y1, ..., ym} as
the coordinates of the basis dual to {λ1, ..., λ2m} such that zα = xα +
∑m
β=1 Zαβyβ and
z¯α = xα +
∑m
β=1 Z¯αβyβ [GH].
Assume L → M is a principal polarization of M , then the holomorphic sections of
H0(M,Lk) are given by theta functions (31).
Now consider the Ka¨hler potential in the form:
ϕ(t, y) = 2piyXyT + 4piψ(t, XyT ) (64)
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where y = (y1, ..., ym), X = ImZ. We assume ϕ is convex in y and ψ is smooth on R
m and
periodic with period 1 in each variable yj for any fixed t. Then it’s easy to check that such
Ka¨hler potential satisfies conditions (29).
By choosing such Ka¨hler potential, Proposition 4.1 still holds depending on the following
computations (see also [FMN]):
〈θl′(z,Ω), θl(z,Ω)〉hkt =
∫
[0,1]m×[0,1]m
( ∑
n′∈Zm
e−ipi(l+kn
′)·Z
k
(l+kn′)T e−2pii(l+kn
′)·z
)
·
(∑
n∈Zm
e−ipi(l+kn)·
Z¯
k
(l+kn)e−2pii(l+kn)
T ·z¯
)
· e−2kpiyXyT−4kpiψ(t,Xy) · det∇2ϕt(y)dxdy
= δl,l′
∑
n∈Zm
∫
[0,1]m
e−2kpi(y+
l+kn
k
)·X(y+ l+kn
k
)T e−4kpiψ(t,Xy) · det∇2ϕt(y)dy.
Thus {θl(z,Ω), l ∈ (Z/kZ)m} forms an orthogonal basis of H0(M,Lk). Furthermore,
‖θl(z,Ω)‖2hkt =
∫
Rm
e−2kpi(y+
l
k
)X(y+ l
k
)T e−4kpiψ(t,Xy) · det∇2ϕt(y)dy. (65)
Then all main steps in the model case can be extended to the general case immediately:
• Define u(t, y) as the Legendre transform of ϕ(t, y) with respect to y variables for any
fixed t, then we can still linearize u(t, y) along the geodesics since the Proposition 5.1
is only the property of convex functions (p.106 in [R]).
• By substituting ϕ by the Legendre transform u(t, y), we rewrite (65) as
e−2kpi(
j
k
)X( j
k
)T
∫
Rm
e−4kpi(∇u·X·(
j
k
)T+u−µ·∇u)dµ,
where µ = ∇ϕ.
By applying the stationary phase method, we can get the complete asymptotics of
this integration evalued at µ′ = −X · (4pij
k
)T which is the critical point of the phase
function. Thus Rk(j, t) which is the ratio of the norming constants will be asymptotic
to R∞(µ, t) as
Rk(j, t) ∼ R∞(µ, t)(1 + k−1a1(µ, t) + · · · )|µ=−X·( 4πj
k
)T
If we change variable as µ · (4piX)−1 = ν, then R∞(ν, t) and each aj(ν, t) are smooth
functions over Rm and periodic with period 1 in variables ν for any fixed t.
• In the general case, we define the operator U : f(x) → f(x − 1
k
). Then for general
theta functions θl(z,Ω), we still have:
U(θl(z,Ω)) = e
−2pii l
k θl(z,Ω),
where e−2pii
l
k denotes e−2pii
l1
k · · · e−2pii lmk . Then by applying the Weyl quantization
to the Bergman kernel and using Fourier transform and Taylor expansion, for any
f(4piX · xT ) ∈ C∞(Rm) which is also periodic with period 1 in x variables, following
the proof in section 6, we can prove
1
km
∑
j∈(Z/kZ)m
f(−X · (4pij
k
)T )
|θj(z,Ω)|hk
‖θj(z,Ω)‖hk
∼ f(µ) + k−1b1(µ) + · · · ,
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where µ = ∇ϕ . Our main result with the same formula as the model case holds if
we apply this formula to R∞(µ, t) and each aj(µ, t) and follow the steps in section 7.
Thus our main result holds for any principally polarized Abelian variety.
9. Complete asymptotics of harmonic maps
The proof of Theorem 3.5 is similar to the one in [RZ]. For brevity, we just sketch the
main steps for the model case M = Cm/Λ, where Λ = Zm + iZm.
The crucial formula in the toric case is the identity (4.1) in [RZ], while in our Abelian
case, we modify it to be
ϕk(q, z)− ϕ(q, z)
= 1
k
log
∑
j∈(Z/kZ)m exp
(∫
∂N
∂ν(p)G(p, q) log ‖θj(z)‖2hk
ψ
(p)
dV∂N(p)
)
|θj(z)|2hkϕ(q),
(66)
where G(q, p) denotes the positive Dirichlet Green kernel for the Laplacian △N,g, dV∂N is the
induced measure on ∂N by restricting the Riemannian volume form dVN from N to ∂N and
ν(q) is an outward unit normal to ∂N . Then to prove Theorem 3.5 is equivalent to prove
that (66) admits complete asymptotics. Denote
Kk(q, j) = exp
(
−
∫
∂N
∂ν(p)G(p, q) log
‖θj(z)‖2hkϕ(q)
‖θj(z)‖2hk
ψ
(p)
dV∂N(p)
)
Then we can rewrite (66) as
ϕk(q, z)− ϕ(q, z) = 1
k
log
∑
j∈(Z/kZ)m
Kk(q, j)
|θj(z)|2hkϕ(q)
‖θj(z)‖2hkϕ(q)
(67)
Put uq := uϕ(q) = u(q, ·) is the Legendre transform of ϕq(y) ∈ HΓ0 for q ∈ N . Denote
K∞(q, x) = exp
(
−1
2
∫
∂N
∂ν(p)G(p, q) log
det∇2uq(x)
det∇2up(x)dV∂N(p)
)
(68)
where x = ∇ϕ.
From the proof of the Regularity Lemma 5.2, if we plug in the complete asymptotic
expansion of the norming constants ‖θj(z)‖2hkϕ(q) and ‖θj(z)‖
2
hk
ψ
(p)
, we have the following
complete asymptotic expansion,
Kk(q, j) = K∞(q, x) + k−1b1(q, x) + · · · |x=− 4πj
k
(69)
If we plug (69) into the right hand side of (67), we obtain the following expansion,
1
k
log
(∑
jK∞(q,
−4pij
k
)
|θj(z)|2
hkϕ(q)
‖θj(z)‖2
hkϕ(q)
+ k−1
∑
j b1(q,
−4pij
k
)
|θj(z)|2
hkϕ(q)
‖θj(z)‖2
hkϕ(q)
+ · · ·
)
.
Hence, Theorem 3.5 follows if we apply the generalized Bernstein Lemma 3.3 to each
summation above and follow the steps in section 7.
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